Introduction
vVe are conducting a series of nonlinear dynamics studies on the electron storage ring Aladdin at the Synchrotron Radiation Center, University of Wisconsin-Ivladison. vVe have concentrated initially on the third order resonances driven by sextupole errors in the magnetic field. \Ve have presented several papers on our theoretical and experimental studies on the horizontal third-integral resonance [1, 2] .
The difference resonance (1) couples the two transverse degrees of freedom. This resonance does not lead to instabilities since particle motion is bounded in both the x-and y-directions. Particle loss occurs only at the vacuum chamber walls and other physical boundaries. Near the resonance, the coupling transfers "energy" from x-to y-motion so that the yamplitude increases periodically. The degree of coupling depends on the separation of the betatron oscillation frequencies (tunes) Vx, Vy from the resonance values and on the strength of the sextupole field which drives the resonance. The details of the coupling also depend on the amplitude dependence of the tunes.
In a machine such as Aladdin with four superperiods, the chromaticity correcting sextupoles can only drive resonances with m = 4n, where n is an integer, since they are symmetrically distributed around the ring. However, magnet misalignments and other imperfections always exist and can drive nonlinear resonances with other harmonics m. Furthermore, the second order sextupole effect and the fringe fields at quadrupole er;.ds all contribute to the amplitude-dependent tune shifts. These tune· shifts can alter the character of the resonance. In the case of unstable resonances, like the third-integral resonance, they can confine the beam within the physical aperture and make the experiments possible. In this paper, we first review the theoretical analysis of the difference resonance, then we discuss the experimental results, and finally we compare the experimental results with the results of numerical simulations.
Further details can be found in Ref. [3] 2 Theoretical Analysis
For the difference resonance Vx -2vy = m, we start with the Hamiltonian in terms of action-angle variables
where Bm and (m give the amplitude and phase of the sextupole parameter defined as
The summation is over all sextupoles in the ring. All other symbols have their con- the third is the resonance term, and the rest are fourth order tune shift terms specified by the parameters a, b, and c.
In order to transform away the e dependence, we take the generating function vVith this function, the action-angle variables are transformed according to 
(8)
. (10) is the separation of the tunes from the resonance values. vVe have two constants of the motion, 11. and J 2 , resulting from the fact that neither e nor 12 appears in 11..
According to Eqs. (5) and (6), the constant J 2 is given by
(11)
This equation shows that both x-and y-motions are limited in maximum amplitude, and that J x must decrease when J y increases. The entire motion can now be represented by the Poincare map in the 11 J 1 phase plane, which we will call the resonance phase plane (see Figure 1) . According to Eq. (6), for a fixed value of J 2 , the motion is confined to the region inside the circle 2J 1 = J 2 in the phase plane. On the limiting circle, the Hamiltonian (9) has the value (12) If we substitute this value for 1{ in Eq. (9), the resulting equation factors into the product of tVlO circles: (13) where
It is useful to introduce the rectangular coordinates (15) in terms of which Eq. (15) can be written (16) Setting the first factor to zero, we get the limiting circle 2J 1 = J 2 . Setting the second factor to zero gives the dividing circle which is centered on the Q-axis at
and has the radius
The dividing circle crosses the Q-axis at the points
where the upper sign is used if Qc is positive, and the lower if it is negative. In the limit of small nonlinearities, when a, b, c are small, the radius R becomes large, and (20) while Q2 becomes large. The character of the Poincare map depends on the relative sizes and positions of the two circles. In Figure 1 we show three typical cases when the dividing circle is larger than the limiting circle. We have taken all parameters E,A,B,C corresponding to Aladdin experiment to be described later, but the cases are not essentially different for other signs. The difference resonance is most pronounced for motions in which the y amplitude is initially very small. In the resonance phase plane the initial motion is then very close to the limiting circle. In that case, the radius of the limiting circle is determined primarily by the initial x amplitude:
In cases ( a) and ( c) in Figure 1 the motion remains close to the limiting circle, and the y amplitude remains small, so there is no resonant coupling. In case (b) the two Since the phase point remains for a long time near the fixed point where the circles intersect, we expect the y motion to consist of long periods of very small amplitude, with periodic peaks. During these peaks, the x amplitude drops to a minimum given by IQ11. vVhen E = -2(a/4 -c)J 2 , we have complete coupling; the x amplitude drops to zero at the peaks while the y amplitude reaches a maximum with
The threshold x amplitude for resonant coupling is given by .j2J xo = IQ1\. If the initial value of J x is below this threshold: given approximately by Eq. (20), then no resonant coupling occurs. Since Q1 depends also on J xo because of the nonlinear term in the parameter C [Eq. (14)], there is also an upper threshold x amplitude, above which the nonlinearities move the tunes away from the resonance.
The "energy exchange" time, namely the time J 1 takes to complete a cycle can be shown to be much less than the synchrotron radiation damping time in Aladdin, so that we expect to be able to see more than one full coupling cycle.
Experimental Arrangement and Measurement
Aladdin is a 1 Ge V electron storage ring which is composed of four sectors as shown in Figure 2 . In normal operation it stores 15 beam bunches with transverse beam sizes (jx ~ 0.8mm, (jy ~ 0.3mm. Table 1 shows its operating parameters at the energy of 800 l'vfe V. In this experiment, we kept only one beam bunch in the ring and knocked out, other bunches.
Hardware. In the Aladdin ring, there are 4 pairs of unused chromaticity correcting sextupoles labeled SFljSD1, SF4jSD4, SF7 jSD7, and SFI0jSDI0, all at high f3 locations. The phase advance between SF and SD is about 30°. Thus these sextupoles can be powered to give any desired harmonic at any phase.
A fast kicker magnet is used to kick the beam bunch horizontally and drive the coherent x oscillation. The kicker also drives a very small coherent vertical oscillation. This was initially inadvertent, but fortunate, since this coherent vertical oscillation can be detected by the vertical beam position monitors. The kicker is made of ferrite with a one turn coil. It can be pulsed for a total length of 350 nsec ,vith a fiat top of 150 nsee.
Four stripline-electrode beam position monitors (BP11's )are located at the quadrupoles QF9, QD9 and Ql, Q2. They measure horizontal and vertical displacements of the beam centroid, Xl, X 2 and 1';., Y2, respectively. Knowing the amplitude functions f3x, f3y and the phase advance between locations 1 and 2, one can then calculate the displacements and slopes at location l.
Four two-channel ADC digitizers collect the BPM signals from the stripline electrodes. The ADC's are clocked by the RF synthesizer and triggered by the kicker Data acquisition. For this experiment, only one beam bunch is used and the other 14 bunches are knocked out by the RF knockout technique. Before starting a set of measurements, the closed orbit distortions are corrected to better than 20 J-Lm by adjusting the steering magnets and the chromaticity is set to a small positive value to avoid the head-tail instability. We use as small a chromaticity as possible, to minimize the tune spread in the beam bunch. The most easily accessible difference resonance is 2vy -Vx = 7. The operating tunes are moved close to the resonance by adjusting the quadrupoles manually. The 7th harmonic resonance should not be driven if the 4-fold symmetry of the Aladdin lattice were perfect. However, we found the resonance immediately, an indication that there are sizable sextupole errors in the Aladdin lattice. Since we wished to control the size of the sextupole driving term, we first tried to compensate the sextupole errors initially present. As the horizontal or vertical tune is varied, the coupling resonance can be seen as a sudden increase in vertical amplitude observed on a TV monitor connected to a camera which is focussed on the synchrotron radiation from the beam. According to formula (20) the amplitude of the driving term is approximately proportional to the tune width of the resonance. It was relatively easy to adjust the spare sextupoles SD7 and SD10 to minimize the tune width. The compensation was nearly complete with SD7 and SD10 excited by currents of 7.5 A, and -22.5 A, respectively. These large currents indicate a relatively large sextupole error somewhere in the Aladdin lattice. In the measurements, we changed either SD7 or SD10 or both, starting from these reference values, to drive the desired sextupole harmonic. The fast kicker. magnet is then fired to give the beam bunch an initial controllable amplitude in the horizontal plane. After about a 25 turn delay, the digitizers take data for 4096 turns.
\lVith the measured displacements Zl and Z2, one can calculate the slope of the beam centroid using the formula (23) where Z = x ory, and cP21 = 02 -cP1 is the phase difference between the BPM's which measure Zl and Z2. The displacement of the beam centroid is measured in BPM units, defined by (24) where the V's are signals derived from the stripline electrode pairs through a diode-LC stretch filter. For Aladdin, we have 1 BPl\,I = 18.9 mm, which is the minor radius of the vacuum chamber. Figure 4 shows a typical set of measured data. \lVe plot x and y versus turn number; we also show the frequency spectra of x and y. The operating tunes correspond to E = -0.0044 [Eq. However, due to the amplitude dependence of the tunes, particles tend to spread out over the phase space in such a way that the beam centroid exhibits a damped oscillatory motion.
In order to simulate this diagnostic effect, a computer code was developed to track the motion of the centroid of a bunched beam. This code uses the following algebraic transformation:
where Z and P z are defined as Z = zIJf3zlf3zo, Pz = ({3zPz+O:zz)IJf3zlf3z01 and !.lPzj is the kick from nonlinear magnet elements: (26) and the multipole components of the magnetic field are given by 
